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Abstract. The space of C0-semigroups of contractions on a separable infinite dimensional
Hilbert space, when viewed under the topology of uniform weak convergence on compact subsets
of R`, is know to admit various interesting residual subspaces. Eisner, Ma´trai, Sere´ny, et al.
raised in various publications between 2008–10 the open problem: Is this space completely
metrisable? Via Borel complexity computations, we obtain a general result, which in particular
implies that the one-/multiparameter contractive C0-semigroups constitute Polish spaces.
1. Introduction
In [Dah20b, Theorem 1.5, p. 1], the space of contractive C0-semigroups over a separable, infinite
dimensional Hilbert space, is shown to be a Baire space when viewed with the topology of
uniform weak convergence on compact subsets of R`. That paper also showed this for the
space of discrete contractive semigroups (i.e. where the semigroups are defined over N0 instead
of R`), which is homeomorphic to the space of contractions endowed with the pw-topology (cf.
[Dah20b, Remark 1.3, p. 2]). These results render meaningful the residuality results achieved
in [ES09], [Eis10] and [EM10], in which various collections of semigroups, resp. of contractions,
under these topologies are proved to be residual.
In this paper we improve upon this and obtain via an alternative approach that the space
of contractive C0-semigroups is in fact Polish (i.e. separable, completely metrisable). In fact,
we prove this for spaces of more generally defined semigroups, including multiparameter semig-
roups.
2. Definitions of spaces of semigroups
Throughout this paper, H shall denote a fixed separable (finite- or infinite-dimensional) Hilbert
space. Furthermore,
UpHq Ď IpHq Ď CpHq Ď LpHq
denote (from right to left) the spaces of bounded operators, contractions, isometries, and unitar-
ies over H. These can be endowed with the weak-operator topology (wot), the strong-operator
topology (sot).
Now, instead of working with semigroups defined over R` (continuous time) or over N0
(discrete time), we may more generally work with semigroups parameterised by a topological
monoid.
Definition 2.1 Let pM, ¨, 1q be a topological monoid. A semigroup defined overM shall mean any
operator-valued function, T : M Ñ LpHq, satisfying T p1q “ I and T pstq “ T psqT ptq for s, t PM .
In other words, semigroups are just certain kinds of algebraic morphisms.
Remark 2.2 In this paper, no assumptions about commutativity shall be made. Monoids shall
thus be written multiplicatively.
We may view continuous contractive semigroups defined overM as subspaces of the function
spaces C
`
M, CpHq
˘
, where CpHq may be endowed with either the wot- or sot-topology. We
summarise these spaces and their topologies as follows:
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Definition 2.3 Let M be a topological monoid. Denote via Fcs the space of sot-continuous
contraction-valued functions over M , and via Cs the space of sot-continuous contractive semig-
roups defined over M . Let Fcw and Cw denote the wot-continuous counterparts.
Definition 2.4 Let M be a topological monoid and let X be any of the spaces in Definition 2.3.
Let KpMq denote the collection of compact subsets of M . The topologies of uniform wot-
convergence on compact subsets of M (short: ℓocwot), resp. of uniform sot-convergence on
compact subsets of M (short: ℓocsot) are induced via the convergence conditions
Ti
ℓoc-wot
ÝÑ T :ðñ @ξ, η P H : @K P KpMq : suptPK |〈pTiptq ´ T ptqqξ, η〉| ÝÑ
i
0
Ti
ℓoc-sot
ÝÑ T :ðñ @ξ P H : @K P KpMq : suptPK }pTiptq ´ T ptqqξ} ÝÑ
i
0
for all nets, pTiqi Ď X and all T P X.
Working with these definitions, one can readily classify some of these spaces as follows:
Proposition 2.5 Let M be a locally compact Polish monoid. Then pFcw, ℓocwotq, pF
c
s , ℓocsotq,
and pCs, ℓocsotq are Polish spaces.
Proof (Sketch). Since M is a locally compact Polish space, and since for metrisable spaces,
separability is equivalent to second countability, it is easy to see that a countable collection,
K˜ Ď KpMq, exists such that tK˝ | K P K˜u covers M . Noting this, the claims may be proved in
exactly the same manner as in [Dah20b, Appendix B, pp. 6–7] (cf. especially Propositions B.2,
B.3, and B.5 in that paper). 
The aim of this paper is to classify pCs, ℓocwotq. We can do this quite generally under the
following condition:
Definition 2.6 Call a topological monoid, M , ‘good’, if the contractive wot-continuous semig-
roups defined over M are automatically sot-continuous, i.e. if Cw “ Cs holds.
All discrete monoids (including non-commutative ones) are trivially ‘good’. By a classical
result, pR`,`, 0q is ‘good’ (cf. [EN99, Theorem 5.8, p. 40], as well as [HP08, Theorem 9.3.1,
p. 280 and Theorem 10.2.1–3, pp. 304–306]). Furthermore, the following examples are directly
implied by [Dah20a, Theorem 3.1, Examples 2.4–6, and Proposition 2.7]:
Lemma 2.7 For all d P N and p P P, the monoids Rd` and Z
d
p viewed under pointwise addition
are ‘good’. If G is a discrete group, then any subset M Ď G containing the identity and closed
under multiplication is ‘good’. Any finite product of the afore mentioned monoids is ‘good’.
3. Complete metrisability results
In [Dah20b], the spaces of contractive semigroups defined over N0 or R` were shown to be a Baire
space by studying and transferring properties from the dense subspace of unitary semigroups,
whose density in turn relies on the theory of dilation (cf. [Pel81, Theorem 1, p. 1142] and [Kro´09,
Theorem 2.1, p. 370]). By contrast, the approach here is to directly classify Cs in terms of its
Borel complexity within a larger space (and bypasses dependency upon the theory of dilation).
To do this we note the following classical result from descriptive set theory:
Lemma (Alexandroff’s lemma). Let X be a completely metrisable space. Then A Ď X viewed
with the relative topology is completely metrisable if and only if it is a Gδ-subset of X.
See [Kec94, Theorem 3.11, p. 17] for a proof. We now present the main result.
Theorem 3.2 Let M be a locally compact Polish monoid. Assume that M is ‘good’. Then
pCs, ℓocwotq is Polish.
Proof. Since t1u is a compact subset of M , it is easy to see that
X :“ tT P Fcw | T p1q “ Iu
is a closed subset in pFcw, ℓocwotq. By Proposition 2.5, it follows that pX, ℓocwotq is Polish. Thus,
by Alexandroff’s lemma it suffices to prove that Cs is a Gδ-subset of X.
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To proceed, observe that since M is a locally compact Polish space, it is σ-compact, i.e.
there exists a countable collection of compact subsets, K˜ Ď KpMq, such that
Ť
KPK˜K “M .
W. l. o. g. one may assume that K˜ is closed under finite unions. Since H is a separable Hilbert
space, it admits a countable orthonormal basis (ONB) B Ď H. For each finite F Ď B define
πF :“ ProjℓinpF q P LpHq,
i.e., the projection onto the closed subspace generated by F . Using these, we construct
dK,F,e,e1pT q :“ sups,tPK |〈pT psqπFT ptq ´ T pstqqe, e
1〉|
for each K P KpMq, F Ď B finite, e, e1 P H, and T P X, and
Vε;K,F pT˜ q :“
č
e,e1PF
tT P X | sup
s,tPK
|〈pT ptq ´ T˜ ptqqe, e1〉| ă εu
Wε;K,F,e,e1 :“ tT P X | dK,F,e,e1pT q ă εu
(3.1)
for each ε ą 0, K P KpMq, F Ď B finite, e, e1 P H, and T˜ P X. We can now present our strategy
for the rest of the proof: To show that Cs is a Gδ-subset of X, it suffices to show (I) that the
W -sets defined in (3.1) are open and (II) that
Cs Ď
č
εPQ`, KPK˜,
e,e1PB,
F0ĎB finite
ď
FĎB finite
s.t. FĚF0
Wε;K,F,e,e1 Ď Cw, (3.2)
since by assumption of M being ‘good’, (I) + (II) imply that Cs “ Cw “ a Gδ-subset of X.
Towards (I), fix arbitrary ε ą 0, K P KpMq, F Ď B finite, and e, e1 P B, and consider an ar-
bitrary element, T˜ PWε;K,F,e,e1. We need to show that T˜ is in the interior ofWε;K,F,e,e1. Now, by
continuity of multiplication in the topological monoid, M , we have that K ¨K “ tst | s, t P Ku
is compact. So, setting K 1 :“ K YK ¨K and F 1 :“ F Y te, e1u, it suffices to show that
Vε1;K 1,F 1pT˜ q Ď Wε;K,F,e,e1 (3.3)
holds for some ε1 ą 0, since clearly T˜ is an element of the left hand side and by definition of the
ℓocwot-topology, the V -sets are clearly open.
We determine ε1 as follows. First note, that by virtue of T˜ being in Wε;K,F,e,e1, we have
r :“ ε´ dK,F,e,e1pT˜ q ą 0. (3.4)
Since the unit disc, D1 “ tz P C | |z| ď 1u, is compact, the map pa, bq P D
2
1 ÞÑ ab P C is uniformly
continuous, and hence some ε1 ą 0 exists, such that
|a1b1 ´ ab| ă r4|F |`1 (3.5)
for all a, b, a1, b1 P D1 with |a´ a
1| ă ε1 and |b´ b1| ă ε1. Assume w. l. o. g. that ε1 ă r4 . With
this r-value, the left hand side of (3.3) is now determined.
Now since the elements in X are all contraction-valued functions, and since the ONB, B,
consists of unit vectors, it holds that 〈T ptqξ, η〉 P D1 for all T P X, t PM , and ξ, η P B. Now
consider an arbitrary T in the left hand side of (3.3). Let s, t P K be arbitrary. Then s, t, st P K 1,
so that by the choice of F 1 and by virtue of T being inside Vε1;K 1,F 1pT˜ q, we have
|〈T psqe2, e1〉´ 〈T˜ psqe2, e1〉| ă ε1
|〈T ptqe, e2〉´ 〈T˜ psqe, e2〉| ă ε1
|〈T pstqe, e1〉´ 〈T˜ pstqe, e1〉| ă ε1
for all e2 P F . Since F is an orthonormal collection, the choice of ε1 and (3.5) yield
|〈pT psqπFT ptq ´ T pstqqe, e
1〉
´〈pT˜ psqπF T˜ ptq ´ T˜ pstqqe, e
1〉| ď
ÿ
e2PF
|〈T psqe2, e1〉〈T ptqe, e2〉´ 〈T˜ psqe2, e1〉〈T˜ ptqe, e2〉|
` |〈T pstqe, e1〉´ 〈T˜ pstqe, e1〉|
(3.5)
ă
ÿ
e2PF
r
4|F |`1 ` ε
1 ă r2 ,
for all s, t P K. So
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dK,F,e,e1pT q “ sup
s,tPK
|〈pT psqπFT ptq ´ T pstqqe, e
1〉|
ď sup
s,tPK
|〈pT˜ psqπF T˜ ptq ´ T˜ pstqqe, e
1〉| ` r2
“ dK,F,e,e1pT˜ q `
r
2
(3.4)
“ ε´ r ` r2 ă ε,
whence T PWε;K,F,e,e1. Hence the inclusion in (3.3) holds, as desired.
To prove (II), consider the first inclusion of (3.2). Let T P Cs be arbitrary. To show that T
is in the Gδ-set in the middle of (3.2), consider arbitrary ε ą 0, K P KpMq, F0 Ď B finite, and
e, e1 P B. Our goal is to find some finite F Ď B with F Ě F0, such that T PWε;K,F,e,e1.
To this end, observe that since T is an sot-continuous semigroup, the map
fF : K ˆK Ñ R`
ps, tq ÞÑ |〈pT psqπFT ptq ´ T pstqqe, e
1〉|
“ 〈pT psqπFT ptq ´ T psqT ptqqe, e
1〉
“ |〈T psqpπF ´ IqT ptqe, e
1〉|
is continuous for all finite F Ď B. We now consider the net pfF qF , where the indices run over
all finite F Ď B, ordered by reverse inclusion. Note that the correspondingly indexed net of
projections, pπF qF , is monotone. So, since
Ť
FĎB finite F “ B and B is a basis for H, we have
that πF ÝÑ
F
I, weakly. By construction of the fF , we thus obtain
fF ÝÑ
F
0 (3.6)
pointwise. But since K ˆ K is compact, and the fF are continuous for all F and converge
pointwise to 0, Dini’s Theorem (cf. [AB05, Theorem 2.66, p. 54]), implies that the convergence
in (3.6) is uniform over all s, t P K. In particular, by definition of the net, some F Ď B with
F Ě F0 exists, such that pdK,F,e,e1pT q “q sups,tPK fF ps, tq ă ε, so T P Wε;K,F,e,e1.
To complete the proof of (II), we treat the second inclusion in (3.2). So let T P X be an
arbitrary element in the Gδ-set in the middle of (3.2). To show that T P Cw, it is necessary and
sufficient to show that T pstq “ T psqT ptq for all s, t PM . So fix arbitrary s, t PM .
Note, that since K˜ covers M and is closed under finite unions, there exists some K P K˜,
such that s, t P K. Fix this compact set.
We now consider arbitrary fixed vectors, e, e1 P B. Consider the net pdK,F,e,e1pT qqF , whose
indices run over all finite F Ď B, ordered by reverse-inclusion. Since T is in the set in the
middle of (3.2), working through the definitions yields
@ε P Q` : @F0 Ď B finite : DF Ď B finite, s.t. F Ě F0 : dK,F,e,e1pT q ă ε,
which is clearly equivalent to
lim inf
F
dK,F,e,e1pT q “ 0. (3.7)
Now, since s, t P K, it holds that
|〈pT psqT ptq ´ T pstqqe, e1〉| ď |〈T psqpI´ πF qT ptqe, e
1〉|looooooooooooooomooooooooooooooon
“:d1
F
` |〈pT psqπFT ptq ´ T pstqqe, e
1〉|loooooooooooooooooomoooooooooooooooooon
ďdK,F,e,e1pT q
for all finite F Ď B. Since πF ÝÑ
F
I weakly (see above explanation), we have d1F ÝÑ
F
0.
Hence, noting also (3.7), taking the limit inferior of the right hand side of the above yields
〈pT psqT ptq ´ T pstqqe, e1〉 “ 0. Since e, e1 P B were arbitrarily chosen, and B is a basis for H, it
follows that T pstq “ T psqT ptq. This completes the proof. 
Finally, by Lemma 2.7 we obtain:
Corollary 3.3 The spaces of one-/multiparameter contractive C0-semigroups on a separable Hil-
bert space, viewed under the topology of uniform wot-convergence on compact subsets, are
Polish.
This solves the open problem raised in [ES09, §4, pp. 6–7].
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Remark 3.4 The proof of Theorem 3.2 reveals that in fact claims (I) and (II) hold, provided the
topological monoid M is at least σ-compact. And if M is furthermore ‘good’, then these again
imply that that Cs is a Gδ-subset in pF
c
w, ℓocwotq. The stronger assumption of M being locally
compact is only relied upon to obtain that pFcw, ℓocwotq is itself completely metrisable (cf. the
proof of Proposition 2.5), and thus (by Alexandroff’s lemma) that Gδ-subsets are completely
metrisable.
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